Abstract-In this paper, we extend the switching rate analysis of M out of N generalized selection combining (GSC) in an earlier paper of Cavers and Ho to the case of nonidentical branches. Despite the fact that nonidentical branches introduce a correlation between the difference of the Mth and the M + 1th strongest signals u(t) and its derivative u (t), we were able to derive an analytical expression for the switching rate of the GSC receiver under this condition (independence between u(t) and u (t) is crucial in obtaining the simple results in Cavers and Ho). Our numerical results agree with the intuition that having nonidentical branches reduces the switching rate. The more dissimilar the branches are, the larger the reduction. While this lowering of the switching rate allows the GSC receiver more time to dwell on the selected signals, hence producing more accurate channel estimates for coherent combining, the bit-error rate of GSC, unfortunately, is higher when the branches are not identical.
Impact of Nonidentical Branches on the Switching
Rate of Generalized Selection Combining in Rayleigh Fading Channels
I. INTRODUCTION
Signals transmitted over a mobile channel often encounter signal fading, and receive diversity with (coherent) maximal ratio combining (MRC) is an effective mean to mitigate its damages. With N receive antennas, a "full-blown" MRC receiver requires a complete demodulator for each of the N antennas. On the other hand, a generalized selection combining (GSC) receiver [1] , [2] will first select (using an RF switch) the M strongest antennas before combining these signals, M ≤ N . Compared to full MRC, the implementation of GSC is simpler as it requires fewer demodulators, and yet, the performance degradation is relatively small, even when fewer than half of the antennas are selected.
While attractive from a theoretical standpoint, one issue that has often been ignored in the performance analysis of GSC is the implications of the switching that takes place inside the receiver. Simply put, is the dwell time, i.e., the time interval between the selection and deselection of an antenna, long enough for its channel complex gain to be estimated accurately for combining purpose? Note that, by definition, an unselected signal is also not observed. As shown in [3] and [4] , even for the more practical switch-and-hold GSC, there is a considerable performance degradation when the receiver has a relatively short hold time.
As in [5] , the focus of this paper is the switching rate S(N, M ) of M -of-N GSC receivers, i.e., the frequency at which memberships in the selection set change. Once this parameter is known, the dwell time aforementioned can easily be determined from [5, eq. (12) ]
However, as opposed to [5] , the emphasis of this paper is nonidentical branches, whereas [5] considered only the case of equally strong branches. As it will shortly be shown, this extension is not straightforward, as having nonidentical branches introduces a correlation between the difference of the M th and the M + 1th strongest signals u(t) and its derivative u (t), which complicates the analysis. This paper is organized as follows. We first review in Section II the Rayleigh fading and the GSC system models established earlier in [5] . The joint probability density function (pdf) of the difference signal u(t) and its derivative u (t) and, hence, the switching rate, are derived in Section III. Numerical results for exponential branch power profiles are provided in Section IV, followed by concluding remarks in Section V.
II. FADING AND GSC MODEL

A. Fading Model
Let g n (t), n = 1, 2, . . . , N, be the complex fading gains in the N links between the transmitter and the M -of-N GSC receiver. Under a Rayleigh flat fading model, these complex gains are zero-mean complex Gaussian processes, with g n (t) having a variance of σ 2 n in both its real and imaginary components, n = 1, 2, . . . , N. A Jakes power spectrum [6] with a maximum Doppler frequency of f D is assumed for each of these N complex fading processes. As a result, the root mean square (RMS) fading bandwidth is f rms = f D / √ 2. We further assume that the g n (t)'s are statistically independent. The time derivative g n (t) of the gain g n (t) is a zero-mean complex Gaussian process with variance [5] 
The amplitude r n (t) = |g n (t)| has a Rayleigh pdf
for r ≥ 0. On the other hand, the time derivative of the amplitude r n (t) has a Gaussian pdf [6] f n (r ) = (
for −∞ < r < ∞. It can easily be shown that the derivative r n (t) is independent of the amplitude r n (t).
B. GSC Receiver and Branch Switching
As in [5] , we assume perfect channel estimation, i.e., the complex gains g n (t), n = 1, 2, . . . , N, are exactly known to the receiver. As a consequence, at any instant, the Rayleigh channel gains r n (t), n = 1, 2, . . . , N, can be sorted in order of decreasing strength to form the order statistics r (1) 
The ith order statistic is r (i) (t) = r n (t), where n = π i (t) is the ith component of the permutation π = (π 1 (t), π 2 (t), . . . , π N (t)) of the N antennas in effect at time t. One key observation used in the derivation of the 0018-9545/$25.00 © 2009 IEEE switching rate in [5] is that any change to the identities of the first M ordered statistics must be caused by the identities of order statistics M and M + 1 trading positions [5] . 1 Specifically, if we let
then there is a membership change whenever u(t) becomes zero with a negative slope u (t) < 0. For the sake of brevity, we will drop the time dependence in u(t) and its derivative u (t) from hereon. As shown in [5] , the switching rate S(N, M ) of an M -of-N GSC receiver is given by the general expression
where p u,u (x, x ) is the joint pdf of u and its derivative u at values of x and x , respectively. It is evident from (6) that p u,u (x, x ) is the key in determining the switching rate. For identical branches, i.e., σ 2 n = σ 2 g for all n from 1 to N , the derivation of this joint pdf is greatly simplified because of the statistical independence between u and u . In the following, we demonstrate that this independence no longer holds when the branches have different strengths. We further derive an exact expression for the joint pdf of this more complicated case and the corresponding expression for the switching rate.
III. SWITCHING RATE WITH NONIDENTICAL BRANCHES
A. Correlation Between u and u
Let {r (1) , r (2) , . . . , r (N ) } be the derivative processes associated with the ordered statistics {r (1) , r (2) , . . . , r (N ) } in an M -of-N GSC system. Furthermore, let {i 1 , i 2 , . . . , i N } be the branch/antenna indexes from the strongest to the weakest branch. We will refer to Antenna i 1 
choices/combinations for the indexes G
For each choice, the probability that all the Group A antennas have amplitudes greater than a and all the Group B antennas have amplitudes less than b is simply
, where
are the cumulative distribution function (cdf) and complementary cdf of r n , respectively, evaluated at a value of x. Fur- 1 The GSC receiver continuously monitors the branches, and the selected set can instantly be changed if a new set of M strongest antennas is found. Suppose that there is a membership change in the selected set at time tn, where at time tn − ε just before the change (ε → 0), Antennas X, Y, and Z are the qth, M th, and (M + 1)th strongest antennas, respectively; q an integer less than M . The membership change at time tn must be triggered by Antennas Y and Z swapping positions. It cannot be caused by a swap between Antenna X and Z, because, if it does, then it means Antenna X must be the M th strongest, rather than the qth strongest just before the change (in order for Z to be at least as strong as X, it has to be stronger than Y first, which implies a swap between Y and Z). A swap between Y and Z may occur, however, if the GSC receiver monitors the branches at discrete times. thermore, for each G 0 and an associated G A , their combined contribution to p r (M ) ,r (M +1) ,r (M ) ,r
, and r (M +1) at a, b, a , and b (a ≥ b), respectively, must be proportional to the product of P AB (a, b) and 
antenna arrangements (or conditions) to consider. The (unconditional)
,r
where A is a proportionality constant (to be determined under the constraint that a ≥ b), and the sum is taken over the set S of all K antenna arrangements. Because of the summation, the right side of (9) cannot, in general, be factorized into a function of the twotuple (a, b) and another one of the two-tuple (a , b ). The only scenario that this happens is when all the pdfs and cdfs in (9) are independent of the branch index. In other words, when the branches are not identical, the difference signal u ≡ r (M ) − r (M +1) and its derivative u ≡ r (M ) − r (M +1) are, in general, NOT independent (other than the observed special case of M = 1 and N = 2, as (10)-(14) demonstrate). Consequently, we can no longer make use of the results in [5] to determine the switching rate of the GSC system.
B. Joint PDF of u and u and the Switching Rate
Introduce the new random variables v ≡ r (M +1) and v ≡ r (M +1) . The joint pdf p u,u ,v,v (x, x , y, y ) of the random variables u, u , v, and v evaluated at x, x , y, and y equals
The joint pdf of u and u , which is critical in determining the switching rate in (6) , is
where
take on the form of a Gaussian pdf. In the Appendix, we provide analytical expressions for I 1 (x) as well as its area
Once these two terms are known, the normalization constant A in (10) can be determined from
Subsequently, the joint pdf (11) and the switching rate (6) can be rewritten as
spectively. Based on the results in (A11) and (A23), we can now express the switching rate of GSC with Rayleigh fading and nonidentical branches as
(2σ 
, and u = (1, 1, 1) , and for = 3, the parameters b 3 , δ 3 , and β 3 are b 3 = (0, 1, 1) T , δ 3 = 2, and β 3 = (2σ
In the special case of identical branches, i.e., σ
, and h = (M + 1 + δ )(2σ 
binary patterns b of weight Δ that yield the same h = (M + 1 + Δ)(2σ
, the switching rate for independent and identically distributed branches can thus be expressed as
which is identical to [5, eq. (11)]. The computational complexity of the general result in (15) is proportional to K · L, where K is the total number of antenna arrangements in S [see (8) ], and L = 2 N −M −1 is the total number of terms in each of the two inner summations. In contrast, the result in (16) for identical branches suggests a complexity on the order of N − M only.
IV. RESULTS
We present, in this section, numerical results for the normalized switching rate R(N, M ) = S(N, M )/f D of GSC. An exponentialtype branch power profile is considered, i.e.,
where 0 < a ≤ 1 is the profile parameter, and σ 2 g is the average branch power. The smaller a is, the more dissimilar the branches are. On the other hand, when a = 1, (17) degenerates into a uniform profile. As evident from (15), the switching rate will not be dependent on the specific value of σ 2 g . Consequently, we arbitrarily set it to unity in the analysis and simulation.
To reconfirm the correctness of (15), we first performed a MATLAB simulation of the normalized switching rate and compared the results against those obtained from analysis. In the simulation, we set N = 6 and M = 1 (i.e., pure selection diversity) and varied the value of a. The complex fading samples were generated by using the filtered white noise method at a rate of 800f D . All the fading-simulation filters are 4096 tap finite-impulse response filters with frequency responses matched to the square-root Jakes spectrum. Over 10 million samples are employed to generate each data point of the switching rate. The results are summarized in Table I . It is observed that the simulation results closely match those predicted by theory. As opposed to the analysis, which is based on a continuous-time model, the simulation is, by definition, in discrete time. As such, it is not able to record more than one occurrence of switching in between two sampling instants. This explains why the simulation results are consistently lower than the analytical results. The "gap" is approximately 2% for the chosen simulation settings. In principle, we can narrow the "gap" by using a higher sampling rate, although we question the worthiness of spending tens of hours in simulation just to obtain a marginal increase in accuracy.
Analytical results on the normalized switching rate of pure selection diversity (M = 1) with N = 2, 3, . . . , 7 available antennas are shown in Fig. 1 . It is clear from the figure that the presence of nonidentical branches reduces the switching rate; the smaller a is, the larger the reduction. While this switching rate reduction allows the receiver more time to dwell on the selected antennas, hence producing more accurate channel estimates for signal combining, the bit error rate may actually suffer when the branches are dissimilar. It is observed from Fig. 1 that, at any given value of a, the switching rate increases with the number of available antennas N .
The switching rate of M -of-7 GSC with nonidentical branches is shown in Fig. 2 . At each value of M , the switching rate decreases when a decreases. On the other hand, when a is fixed, the switching rate appears to peak at M = 4, i.e., when slightly more than half the number of available antennas are selected. Fig. 3 shows the switching rate of GSC with different combinations of M and N . Two values of a were considered: a = 1 (uniform profile) and a = 1/4. The results further confirm the intuition that having nonidentical branches always lowers the switching rate, irrespective of the number of available antennas and the number being selected.
V. CONCLUSION
We have successfully derived, in this paper, closed form expressions for the switching rate of the M -of-N GSC receiver with Rayleigh fading and nonidentical antenna branches. The equations are straightforward to implement on a computer, and no numerical integration is involved. However, because of branch nonuniformity, the computational complexity is on the order of
The numerical results on the switching rate show that having nonuniform branches reduces the switching rate. The more dissimilar the branches are, the lower the switching rate. While switching rate reduction is beneficial to channel estimation, the bit error rate of GSC, on the other hand, increases with nonidentical branches.
APPENDIX
The products (12) can explicitly be written as
where (1, 1, . . . , 1) (A4) then the product term
Substituting (A1)-(A6) into (12) yields
with
Note that (A8) and (A9)were obtained by using [7, eq. (3.462.5) ] and [7, eq. (3.462 .7) ], respectively. Substituting x = 0 into (A7) results in I 1 (0) = d 4 I 12 (0) or simply
Based on (A7)-(A9), we can express the area of I 1 (x) as
and
The results in (A16) and (A17) are based on the following expression of the complementary error function:
These integrals can also be expressed in terms of the Gauss Hypergeometric functions 2 
where m is a noninteger, Γ(·) is the Gamma function, and c ≡ w
satisfies 0 < z < 1, the Gauss Hypergeometric functions at m = 3/2 (as in the case of ψ ) and m = 1/2 (as in the case ζ ) have the following relationship [9] :
Exploiting these relationships and recognizing that Γ(5/2) = 3 √ π/4 and Γ(3/2) = √ π/2, we can rewrite (A16) and (A17) as
Substituting (A13)-(A15) and (A21) and (A22) into (A12) and carefully going through the rather lengthy but mechanical intermediate steps, we obtain the simple result
which is independent of the Gauss Hypergeometric function 2 F 1 (·)! Finally, combining (A11) and (A23) and recalling that d 4 = 4d 2 d 3 , we obtain the switching rate expression in (15).
I. INTRODUCTION
The peak-to-average power ratio (PAPR) of transmitted signals is a key factor in determining the operating point of nonlinear power amplifiers. If the signals have a constant envelope, the amplifiers operate in an efficient region with linear amplification. However, a nonconstant signal experiences distortion in the region beyond the saturation level of the nonlinear amplification. As the high-power linear amplifiers are more expensive, a constant envelope transmission is considered in the design of radio frequency (RF) power amplifiers.
The water-filling allocation (WFA) schemes often cause high PAPR values in a severe fading environment because a large amount of the transmit power is opportunistically consumed only when the channel is favorable [1] . In particular, to regulate the mutual interference level in the uplink, a tight peak constraint on the transmit power is often considered due to the power-emission rules such as those stipulated by the Federal Communications Commission [2] . Therefore, a timedomain water filling in realistic environments can lead to a considerable performance degradation due to the peak power constraint. Although the output backoff or attenuation improves the system performance by moving the average power of the transmitted signals into the linear region of the power amplifiers, the average output power is reduced. For this reason, optimal power-allocation strategies in the presence of both average and peak power constraints were investigated in several studies [3] , [4] . Khojastepour and Aazhang [3] derived a coding scheme that achieves the maximum capacity with average and peak power constraints, and Lee and Bar-Ness [4] derived a power adaptation scheme that minimizes the average bit error rate in a Rayleigh fading environment.
In this paper, a constant-power allocation (CPA) scheme with average and peak power constraints is considered with the assumption of
